DETAILED SOLUTIONS AND CONCEPTS - GRAPHS OF COMMON FUNCTIONS
Prepared by Ingrid Stewart, Ph.D., College of South  ern Nevada
Please Send Questions and Comments to ingrid.stewar  t@csn.edu. Thank you!
PLEASE NOTE THAT YOU CANNOT ALWAYS USE A CALCULATOR ON THE ACCUPLACER -
COLLEGE-LEVEL MATHEMATICS TEST! YOU MUST BE ABLET O DO SOME PROBLEMS
WITHOUT A CALCULATOR!

In this section we continue our study of functions. We have already been introduced to
e Linear Functions T(X)}=MX+D . .m=0

» Constant Functions g(x) = b

_ 2 _ 2 - _ 2 _ 2
« Semicircular Functions ¥ ~ JrP=(x-h) +k and ¥ Jri—(x—h) +k
Following are some other common functions found in Mathematics and the Sciences:

fix) = |X| Domain (—<0, )
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Characteristics:

* The graph touches the axes only at the origin.
* The x- and y-intercept are both at the origin.

* The graph of this function has a vertex at (0, 0), the origin.
* This graph is V-shaped at the vertex with straight branches. This vertex is also called a "cusp™!

f(x)= x% Domain (=0, )
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Characteristics:

* The graph touches the axes only at the origin.

* The x- and y-intercept are both at the origin.

* There is a vertex at (O, 0), the origin.

* This graph is V-shaped at the vertex. This vertex is also called a "cusp"!

* This graph consists of SMOOTH curves which are concave down /- to the right and to the left
of the vertex.
* The graph is NEVER parallel to the x-axis. Instead it moves away from it at a steady pace.

k(x)= X% Domain {—%0-<)
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Characteristics:

* The graph touches/crosses the axes only at the origin.
* The x- and y-intercept are both at the origin.

The graph of this function changes concavity at (O, 0), the origin.
This graph consists of SMOOTH curves which are concave down (/— to the right of the origin

and concave up ,/ to the left.
The graph is NEVER parallel to the x-axis. Instead it moves away from it at a steady pace.

h(x) = X Domain (—e0, )
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Characteristics:

* The graph touches/crosses the axes only at the origin.
* The x- and y-intercept are both at the origin.

The graph of this function changes concavity at (0, 0), the origin.

This graph consists of SMOOTH curves which are concave up // to the right of the origin and

concave down rf to the left.
The graph is NEVER parallel to the y-axis. Instead it moves away from it at a steady pace.

gix)= ¥x Domain [0,)

..........

Characteristics:

* The graph touches the axes only at the origin.
* The x- and y-intercept are both at the origin.

The graph of this function starts at (O, 0), the origin.

This graph consists of a SMOOTH curve which is concave down /_ to the right of the origin
moving away from the x-axis at a steady pace.
The graph is NEVER parallel to the x-axis. Instead it moves away from it at a steady pace.

Strategy for Graphing the Functions
2 1
fX)=|x|  f(x)=x7 k(x)=x" Hx)=x° g{x)=-x

* Create a Cartesian Coordinate System as discussed in Lecture 01.
* Find and plot the coordinates of strategic points, if they exist, such as

a. the vertex
b. the pointat which concavity changes
c. the point at which the function starts



* Find and plot at least 5 other points to better facilitate the shape of the graph, particularly the
concavities.
* Connectall points found in the previous steps keeping in mind the shape of the graph.
Transformations of the Graphs of Functions

Many more functions can be formed by "transforming” known functions through the
applications of vertical and horizontal shifts, reflections, stretching, and shrinking.

* Horizontal Shift
If a number is added only to the x-value of a known function, the resultis a horizontal shift
of the graph of the known function to the left. If a number is subtracted only from the x-

value of a known function, the result is a horizontal shift of the graph of the known
function to the right.

Below is an example using the function F(x)= Jx :

10T

-1+

* Vertical Shift

Adding a number to the y-value of a known function results in a vertical shift upward of
the graph of the known function. Subtracting a number from the y-value of a known
function results in a vertical shift downward of the graph of the known function.

Below is an example using the function F(x)= Jx :

107

i+ ]

-1+



* Vertical Stretching or Shrinking

Multiplying the y-value of a known function by a number between O and 1 results in
vertical shrinking of the graph of the known function. Multiplying the y-value of a known

function by any other positive number results in vertical stretching of the graph of the
known function.

Below is an example using the function f(x)= x :

-1+

* Horizontal Stretching or Shrinking

This transformation is not well seen in algebraic functions. Itis better illustrated given
trigonometric functions.

Multiplying the x-value of a known function by a number between O and 1 results in a
horizontal stretch of the graph of the known function. Multiplying the x-value of a known

function by any other positive number results in horizontal shrinking of the graph of the
known function.

NOTE: Horizontal stretching/shrinking affects the horizontal shift of a graph.

Below is an example using the function F(x)= Jx :

_10_-
* Reflection about the x-axis

Multiplying the y-value of a known function by -1 results in a reflection of the graph of the
known function about the x-axis.

Below is an example using the function F(x)= Jx :
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* Reflection about the y-axis

Multiplying the x-values of a known function by -1 results in a reflection of the graph of
the known function about the y-axis.

NOTE: Reflections about the y-axis affect the horizontal shift of a graph.

Below is an example using the function f(x)= x :

-5t

-1+

Strategy for Graphing Transformations of the Functi ons
2 1
fX)=|x|  f(x)=x’ k(x)=x" Hx)=x° g{x)=x

* Create a Cartesian Coordinate System as discussed in Lecture 01.
* Find and plot the coordinates of strategic points, if they exist, such as

the vertex

the point at which concavity changes
the point at which the function starts
the x-intercept(s)

the y-intercepts

20T

* Find and plot at least 5 other points to better facilitate the shape of the graph, particularly the
concavities.
* Connectall points found in the previous steps keeping in mind the shape of the graph.

The domains of the transformations of the following functions consist of  all real numbers !



_ 2 i
hix) = x° f(x)=|x| f(x)=x" k(x)=x"
The domain of the transformations of the function gix) = "E consists of all numbers that DO
NOT make the radicand negative!

Problem 1:

Do the following for g(x) = (X + 1)3 + 1.
a. Find its domain.
b. Find the coordinates of the point at which concavity changes or the
function starts or there is a vertex
c. Find the coordinates of the x-intercept(s).
d. Find the coordinates of the y-intercept.
e. Graph the function.

* |ts domain consists of All Real Numbers .
3

* We are horizontally shifting the graph y=x by 1 unit to the left and we are vertically shifting
the graph 1 unit up.

Therefore, the graph of the function changes concavity at (-1, 1).

* Coordinates of the x-intercept(s):
O=(x+1)3+1
-1=(x+1)3
and after raising both sides of the equation to the %power we get
-1=x+1
X=-2

The coordinates of the x-intercept are (-2, 0).

* Coordinates of the y-intercept:
g(0)=(0+1)3+1

g(0) =2

The coordinates of the y-intercept are (0, 2).



* Graph the the function:

1. Please note that the graph has SMOOTH curves. Iti s concave up to the right
of the point (-1, 1) and concave down to the left of it.

2. The graphis NEVER parallel to the y-axis. Instead it moves away fromitata
steady pace.
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Problem 2:

Do the following for g(x)=3x -1|+2 .

a. Find its domain.

b. Find the coordinates of the point at which concavity changes or the
function starts or there is a vertex

c. Find the coordinates of the x-intercept(s).

d. Find the coordinates of the y-intercept.

e. Graph the function.

* |ts domain consists of All Real Numbers .

* We are horizontally shifting the graph y=Ix] by 1 unitto the right. We are also vertically
shifting the graph 2 units up. Lastly, we are vertically stretching the graph by 3 units.

Therefore, the vertex point of the graph of the function is at (1, 2).

* Coordinates of the x-intercept(s):

3x-1|+2=0

UJIN

x-1]="

Since the absolute value can NEVER be equal to a negative number, we find that there
are NO x-intercepts.



* Coordinates of the y-intercept:

g(0)=3l0-1|+2=5

The coordinates of the y-intercept are (0,5)
* Graph of the function:

Please observe the V-shaped vertex with straight br ~ anches. This vertex is
sometimes called a "cusp"!

Problem 3:

'
Do the following for g(x)=(x+3)"+2

a. Find its domain.

b. Find the coordinates of the point at which concavity changes or the
function starts or there is a vertex

c. Find the coordinates of the x-intercept(s).

d. Find the coordinates of the y-intercept. Round to 1 decimal place.
e. Graph the function.

* |ts domain consists of All Real Numbers .
{

* We are horizontally shifting the graph y=x by 3 unit to the left and we are vertically
shifting the graph 2 units up.

Therefore, the graph of the function changes concavity at (-3, 2).



* Coordinates of the x-intercept(s):

(x+3)%+2=0
(x+3)%=_2

and raising both sides of the equation to the third power, we get

X+3=-8
x=-11

The coordinates of the x-intercept are (-11, 0).

* Coordinates of the y-intercept:
G(0)=(0+3)" +2~34

The coordinates of the y-intercept are approximately (0, 3.4).
* Graph of the function:

1. Please note that the graph has SMOOTH curves. Iti s concave down to the
right of the point (-3, 2) and concave up to the left of it.

2. The graphis NEVER parallel to the x-axis. Instead it moves away fromitata
steady pace.
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Problem 4:

4
Do the following for g9(x)=(x-2)" -4 :

a. Find its domain.
b. Find the coordinates of the point at which concavity changes or the
function starts or there is a vertex
c. Find the coordinates of the x-intercept(s).
d. Find the coordinates of the y-intercept. Round to 1 decimal place.
e. Graph the function.
* |ts domain consists of All Real Numbers .
2
* We are horizontally shifting the graph y=x by 2 unit to the right and we are vertically
shifting the graph 4 units down.

Therefore, the vertex point of the graph of the function is at (2, -4).

* Coordinates of the x-intercept(s):

(x-2)%-4=0
(x-2)% =4

3
and raising both sides of the equation to the ¥ power, we get

[(x-2)" % = +(4)*%

X-2=18

X=18+2

which meansthatx=8+2=10and Xx=-8 + 2 = -6.

The coordinates of the x-intercepts are (10, 0) and (-6, 0).

* Coordinates of the y-intercept:
0)=(0-2)* —4=3/(-2) -4
g(0)=(0-2) =3(-2)
The coordinates of the y-intercept are approximately (O, -2.4).
* Graph of the function:
1. Please observe the V-shaped vertex. Also note that  the graph has SMOOTH
curves. Itis concave down to the right and to the left of the vertex.

2. The graph is NEVER parallel to the x-axis. Instead it moves away from it ata
steady pace.
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Problem 5:

Do the following for P(X)=~X+9+3

a. Find its domain.

b. Find the coordinates of the point at which concavity changes or the

function starts or there is a vertex
c. Find the coordinates of the x-intercept(s).
d. Find the coordinates of the y-intercept.

e. Graph the function.

* Domain

* We are horizontally shifting the graph y= Jx by 9 units to the left. We are also vertically

Since we have a radical with even index, the domain MUST consist of all
numbers that do not make the y-value imaginary. Itis calculated as follows:

X+9>0

X>-9

which is [ -9, @) in Interval Notation

shifting the graph 3 units up.

Therefore, the graph of this function starts at (-9, 3).

* Coordinates of the x-intercept(s):

0=/x+9+2

_3-

X+ 9



Since a radical of even index can NEVER be equal to a negative number, we find that
there are NO x-intercepts.

* Coordinates of the y-intercept:
k(0)=-/0+9+3=6

The coordinates of the y-intercept are (0, 6).
* Graph of the function:
Below is the graph of the function.
1. Please note that the graph isa SMOOTH curve. Iti s concave down to the right

of its starting point (-9, 3).
2. The graphis NEVER parallel to the x-axis. Instead it moves away fromitata

steady pace.
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Problem 6:

Do the following for b(x)=1-x-2

a. Find its domain.

b. Find the coordinates of the point at which concavity changes or the
function starts or there is a vertex

c. Find the coordinates of the x-intercept(s).

d. Find the coordinates of the y-intercept.

e. Graph the function.

* Domain

Since we have a radical with even index, the domain MUST consist of all numbers that do
not make the y-value imaginary. Itis calculated as follows:

T-x>0
-x>-1
X <1  whichis (=, 1] in Interval Notation

* We are vertically shifting the graph y= x by 2 units down. We are also horizontally shifting
the graph. However, this shiftis affected by a reflection about the y-axis.

The starting point of the graph of the function y= x| is at (0, 0) and the vertical shift

moves this point to (0, -2). The x-value of the starting point is affected both by the
reflection about the y-axis and the horizontal shift. Itis found as follows:

h(x)=—(x-1)-2

Therefore, the actual horizontal shift is 1 unit to the right, and the coordinates of the
starting point of the graph are at (1, -2).

* Coordinates of the x-intercept(s):

0=V1-x-2
2=-J1-x

2 = (VI=x)’
4=1-x
X=-3

The coordinates of the x-intercept are (-3, 0).



* Coordinates of the y-intercept:

The coordinates of the y-intercept are (0, -1).

* Graph of the function:

1. The graph is concave down to the left of its starti

2. The graphis NEVER parallel to the x-axis. Instead
steady pace.
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