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TECHNIQUES FOR FINDING SOME LIMITS ANALYTICALLY

Prepared by Ingrid Stewart, Ph.D., College of Southern Nevada
Please Send Questions and Comments to ingrid.stewart@csn.edu. Thank you!

We already know from the previous section that

Im x=c Im b=5b
x=c and *7°¢ , where b is any constant

Properties of Limits

Let ,{'_ﬂ 2= Land ’Eﬂ" Blfe)= M.

1. Limit of a Sum/Difference :

B L1 g(x)] = finf(x)+ lim g(x)=L+ M

2. Limit of kﬂx} where K is a Constant:

Jim [ Kf(x )] =k fim f(x) = kL

X—>C

3. Limit of a Product:

jim [£(x)-g(x)] = Jim f(x)- lim g(x)=L-M

X—>C

4. Limit of a Quotient:

ﬁm[fm ] i Ll
x>¢| g(x) |~ fimg(x) M

, where M+ 0
n
5. Limitof IF(X)] , where n > 0 is an integer:

I [f(x)]" =[lim f(x)]" =L"

X—=>cC

6. Limitof WI(X) ,where 1 22is an integer and L Z@if n is even:

Jim 2 (x) =\/};m f(x)="L



7. Limit of a Composite Function:
fim f[g(x)] = f[ lim g(x )] = (M)
Limits of Polynomial and Rational Functions

X—=C

fim p(x)= p(c)

1. If p is a polynomial function, then

2
2. If ¥ is arational function and g(c)=+0 , then

am 2] _ p(c)
M. 67 = ae)

Limits of Trigonometric Functions

1. Limit of the functions $iPXx cosx tanx c¢scx secx gpg cotx
where ffc) is NOT undefined:

}.!l_l’ﬂ F(x)=7¥(c)
Please note that the domain for $I0 X gnd €OS X s (—= m), the domain for

n
tanx gnq sec x s {x|x+3+ kﬂ}, and the domain for €8€ X and €0t X
i {X|x+kn}

] “sinﬁ)
m|——\|=1
—}ﬂ,\ g

1 _
im 1 cosﬁ)zo
_}ﬂk g

Check out the documents entitled "The Squeezing Theorem™ and "Proofs of Some
Trigonometric Limits."

Strategies for Finding Some Limits:

1. Find the domain of the function.

2. Depending on the value of ¢ and the domain, do one of the following:
a. If we are approaching x-values which are in the domain, but NOT endpoints of
the domain of an algebraic or trigopnometric function (excluding piecewise-defined

functions), then we use one or more of the seven Limit Laws or Theorem 1 and 2
above to find the Limit.



b. If we are approaching x-values which are in the domain and are endpoints of
the domain of an algebraic or trigopnometric function, then the Limit does NOT exist
because either the right-sided or the left-sided limit does not exist.

c. If we are approaching x-values which are NOT in the domain of a rational
function, then the Limit may or may not exist.

(1) Reduce any rational expression to lowest terms, if necessary.
(2) Depending on the rational expression, do one of the following:

« If the x-value we are approaching creates O in the denominator of the
reduced rational expression, we are approaching a vertical asymptote in
the graph of the function and the Limit does NOT exist.

« If the x-value we are approaching DOES NOT create O in the denominator
of the reduced rational expression OR the expression when reduced
does not have a variable in the denominator, we are approaching a hole in
the graph of the function and the Limit exists.

d. If we are approaching x-values which are NOT in the domain of a trigonometric

function, then the Limit may or may NOT exist. For example, see the Special
Trigonometric Limits!!!

F(X)=3x+3 g e 1)

Given

The domain of the function is (—nq, “D).

fim p(x)= P(G)

Remember that if p is a polynomial function, then *7 ¢

We can find the limit by direct substitution as follows:

fim, (3x+3)=3(2)+3=9

nm f(x)

Given f(x)=x"'-3x°-9 find *

The domain of the function is {—nq, m)_

lim (x' - 3x° —9)=(2)" - 3(2)" -

x—=2



, fim, 100

2
Given f(x)=Xx . fin

The domain of the function is {—nq, m)_

lim x'=(2)' =4

¥x—=2

f{x}=x+3

Given X +6  find the following limits.

{c)=0

P
Remember, that if ¥ is a rational function and q , then

The domain of the function is {X |x i_ﬁ}.

Jm, 1(x)

Since 2 is in the domain of the given function, we can find the limit by direct
substitution as follows:

fim

¥ =2

[X+3)_2+3_£
Xx+6) 2+6 8

R

Since -6 is NOT in the domain of the given function, we first must ensure that the
function f is reduced to lowest terms, which it is.

Since the x-value we are approaching creates O in the denominator of the
reduced rational expression, we are approaching a vertical asymptote in the
graph of the function and

Iim_¥f{x)
= does not exist .



f(x)— x—2

Given X* —4  find the following limits.

The domain of the function is {x|x#-2,x+ 2}.

Jim 106)

Since 1 is in the domain of the given function, we can find the limit by direct
substitution as follows:

] [x—z) 1-2 1
fim - = — = —
X —4 1" -4 3

x—=7

)

b.
Since -2 is NOT in the domain of the given function, we first must ensure that the
rational expression is reduced to lowest terms.
This is done as follows:
i x-—-2 . x-2 . T
Im | ——|= Him = lim
Xx=2-2\x"—4) x>2|(x-2)}x+2)| *>2\x+2
Since the x-value we are approaching creates O in the denominator of the
reduced rational expression, we are approaching a vertical asymptote in the
graph of the function and
Im_Tf{x)
= does not exist .
_Jim, 1(x)

Since 2 is NOT in the domain of the given function, we again must ensure that the
rational expression is reduced to lowest terms.

: [x—z) _ [ X -2 ] _ [ 1 )
Iim | ——|= Iim = lim
x=22\x"—4) x232|(x-2)x+2)]| *>2\x+2




Since the x-value we are approaching DOES NOT create O in the denominator of
the reduced rational expression, we are approaching a hole in the graph of the
function and

. [.‘x’—2) ] [ T J 1 T
Iim - = fim = =
x>2\x*-4) x>2\x+2) 2+2 4

x' -4
fix)=
Given X—2 | find the following limits.

The domain of the function is {X |X # 2}.

Jim 106)

Since 1 is in the domain of the given function, we can find the limit by direct
substitution as follows:

] x4y 1"-4 3
fim = =
=)

xX-2 '

x—=7

mrir:2 F(x)

bx—}

Since 2 is NOT in the domain of the given function, we again must ensure that the
rational expression is reduced to lowest terms.

] x:—4Y (x-2)(x+2)| .
s (), [-20 2]y 1y

We can see that there is NO denominator containing variables to worry about!
Therefore, we are approaching a hole in the graph of the function and

fim [ X =% tim (x+2)=2+2-4
x—=22 | »_2 _x—}}]( TS s



_ lim f(x)
Given f(X)=8inX 44 "'_% .

The domain of the function is {—nq, m}_

iy
Since 2 is in the domain of the given function, we can find the limit by direct substitution as
follows:

Iimsinx=sinl=1
fim :

limf(x)
Given F{X)=COSX .4 X773 .

The domain of the function is {—nq, mJ.

iy
Since ¥is in the domain of the given function, we can find the limit by direct substitution as
follows:

fimcosx=cosZ=1
b 372

Given T{X) =11 X 4 the following limits.

T
The domain of the function is {x|x+3+ kﬂ}.

timt(x)
3

a.

iy
Since Fis in the domain of the given function, we can find the limit by direct
substitution as follows:

[ — P
gi}ngtanx_ tan3=-3



Iim f(x)
b. x—}2

iy
Since Zis NOT in the domain of the given function, we are approaching a vertical
asymptote in the graph of the function and

Iim f(x)
X—}z

does not exist .

Given F(X)= S€CX find the following limits.

T
The domain of the function is ¢X | X #z+Kn}

Jimf(x)
3

a.

iy
Since ¥ is in the domain of the given function, we can find the limit by direct
substitution as follows:

fimsecx=seci=2
H"g 3

linlﬂf(x)
b, X 9

3In
Since 2 is NOT in the domain of the given function, we are approaching a

vertical asymptote in the graph of the function and

Iiniﬂ f(x)
X— 9

does not exist .



Given F{(X)=CSCX finy the following limits.

The domain of the function is {X |X * kﬂ}.

fimt(x)
a. b
i
Since Bis in the domain of the given function, we can find the limit by direct
substitution as follows:
).::_}n%cscx= csci=2
 Jmrex)

Since Tis NOT in the domain of the given function, we are approaching a vertical
asymptote in the graph of the function and

IIm f{x) _
¥=n does not exist .

Given T(X)=COLX 4 the following limits. .

The domain of the function is {X |X i kﬁ}.

Im f(x)
. X—>y

a

iy
Since 2 is in the domain of the given function, we can find the limit by direct
substitution as follows:

. _ 7 _
JI_I}T%GOtX—GOE—E—ﬂ

Iim f
b. 1 e

Since 0 is NOT in the domain of the given function, we are approaching a vertical
asymptote in the graph of the function and

tim, 1003

does not exist .



sinbx

F{x)= Il'n'{]f(x)

Given X find ¥
Here we are going to use the special trigonometric limit

pm, (%57)=1

However, in our case, we let 6 =3X_ since we only have X in the denominator, we must

a
"supplement" by multiplying by ¥ as follows:

) sinbdx ] sindx 5 . sinbdx
im = fim -——|=Im | 5-
x>0 X x>0 X 5 x>0 5x

Now we are going to use the 2nd Limit Law to write

. sindx ) sinsx . sindx
im =fim |5- =5- Iim
x—=>0 X x—>10 Ax x—=>10 Bx

By letting ¢ =3X and observing that X —> @it and only if # > @  we find that

. sinbx . sinbx ] sin?
g, (5555 o, (4255 ., (407) - 501)- 5

f(x)= X fim ()

Given X find *7
Here we are going to use the Quotient Identity to facilitate usage of
sing

. . L —}ﬂ( g
the special trigopnometric limit

. tan x . sinx 1 . sinx 1
Iim | —— | = Iim -— | = Iim -
x>0 X x>0 \cosx x x>0 X COsX

Now we are going to use the 3rd Limit Law to write

. tan x ] sinx ] 1 1 1
im = fim - fim =1 =fl-|=1
x =10 X x>0 X x>0 \cos x cos 1




f(x)—3(1-cos x) fim f(x)

Given x ,find *7
Here we are going to use the special trigopnometric limit

im [—1_‘;‘“8J=a

—=0

Now we are going to use the 2nd Limit Law to write

lim 3(1-cosx) _ fin [3_1—cosx]
x>0 X x—>10 X
_ 3. tim (HﬂJ=3({U=O
x>0 X

Given F(X) =X find tne following limits.

The domain of the function is [O,m).

Jm, 1003

Since we are dealing with neither a polynomial nor a rational function, we must
use the 6th Limit Law.

Please note that 9 is in the domain of the given function and NOT an endpoint.
Therefore, we can find the limit as follows:

iim Jx=[1lim x=.9=3
x¥x—>19 x>0

Notice that the radicand is a polynomial (linear) function, therefore, we were able
to find its limit by direct substitution!
A, £x)

Since 0 is a left endpoint of the domain, we can say with confidence that the left-
sided limit does not exist, which means that

ti, 103)

does not exist.



_ 2
Given T(X)=~14=X" find the following limits.

The domain of the function is [_21'2}.
Im_ f{x
x>0 ( )
Since we are dealing with neither a polynomial nor a rational function, we must

use 6th Limit Law.

Please note that O is in the domain of the given function and NOT an endpoint.
Therefore, we can find the limit as follows:

fim ~4-x° =J fim(4-x°)=J4-0=2

¥x—=0 ¥ =0

Notice that the radicand is a polynomial (quadratic) function, therefore, we were
able to find its limit by direct substitution!

mm2 f(x)

b X~

Since -2 is a left endpoint of the domain, we can say with confidence that the left-
sided limit does not exist, which means that

Iim_¥{x)
x—-2 does not exist.

i, 103
C.

Since 2 is a right endpoint of the domain, we can say with confidence that the
right-sided limit does not exist, which means that

tim, 1)

does not exist.

Given FIX)=%3x" —5x° + 2x find Jim, f{x).

The domain of the function is {—nq, m).

Since we are dealing with neither a polynomial nor a rational function, we must use the 6th Limit
Law.

Please note that 1 is in the domain of the given function. Therefore, we can find the limit as
follows:



tim /3x"=5x° +2x=5\/}£m; (3 —5x° + 2x)

=¢[3(1)" —5(1)* + 2(1) =4/0 =0

Notice that the radicand is a polynomial function, therefore, we were able to find its limit by
direct substitution!

f(x)=:|X —2X fim_f(x)

Given X-3  find ¥

The domain of the function is {X |x i 3}.

Since we are dealing with neither a polynomial nor a rational function, we must use the 6th Limit
Law.

Please note that 4 is in the domain of the given function and NOT an endpoint. Therefore, we
can find the limit as follows:

. Ix_2x \/ [xg_zfo
fim s —— =s'fim| ——

¥ =4 x¥_3 x—=>4 ¥_3

N -24)
- -3 - 32=2

Notice that the radicand is a rational function, therefore, we were able to find its limit by direct
substitution!

2 Im_ f{x)
Given f(X)=Xx < find ¥ -8 .

The domain of the function is {_m!' m).

Since we are dealing with neither a polynomial nor a rational function, we must use the 6th Limit
Law.

Please note that -8 is in the domain of the given function and NOT an endpoint. Therefore, we
can find the limit as follows:

fim x”* = lim ifx-E:{/ iim x° =3(-8)" = ¥64 = 4

x—-8 x— -4 x> -8

Notice that the radicand is a polynomial (quadratic) function, therefore, we were able to find its
limit by direct substitution!



